
Influence of Coulomb correlations on the quantum well intersubband absorption
at low temperatures

Thi Uyen-Khanh Dang,1,* Carsten Weber,1 Marten Richter,1,2 and Andreas Knorr1

1Institut für Theoretische Physik, Nichtlineare Optik und Quantenelektronik, Technische Universität Berlin, Hardenbergstr. 36,
10623 Berlin, Germany

2Department of Chemistry, University of California Irvine, Irvine, California 92697, USA
�Received 9 April 2010; revised manuscript received 11 June 2010; published 9 July 2010�

We present a theory for the intersubband absorption including electronic ground-state correlations in a doped
GaAs /Al0.35Ga0.65As quantum well system. Focusing on the influence of the Coulomb interaction among the
carriers at low temperatures, we find that the ground-state correlations lead to an increased renormalization and
spectral broadening of the absorption spectrum. At T=1 K, its full width at half maximum is increased by up
to a factor 3. The inclusion of electron-phonon scattering strongly reduces the relative impact of the electronic
correlations.
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As a source of Terahertz and infrared radiation, semicon-
ductor quantum well intersubband �ISB� transitions have
been widely investigated experimentally.1,2 In particular, an
understanding of the spectral linewidth is of crucial impor-
tance for the design and control of heterostructure3 and laser
devices.4 Although the theoretical description of ISB dynam-
ics has been the subject of many studies,5–17 current models
for the ISB optics become insufficient at low temperatures,
yielding an intrinsic absorption linewidth which is much
smaller than experimentally observed.9,11,18 For an equilib-
rium Fermi distribution of the electrons in the ground state,
Pauli blocking prevents electron-electron scattering at low
temperatures while the electron-phonon contribution is too
weak to explain the experimental findings. To approach the
experimental findings in the low-temperature regime, some
theoretical descriptions focus on disorder corrections such as
impurities19 or interface roughness.8

In this paper, we demonstrate that even in the absence of
disorder, correlations in the electronic ground state of the
doped quantum well yield a line broadening at low tempera-
tures not observed before: Coulomb correlations lead to
modified distribution functions which partially reduce the
strong Pauli blocking in the low-temperature regime by
opening up new electron-electron scattering channels.20,21

This leads to additional dephasing which manifests itself in
an enhanced broadening of the absorption spectrum. Even if
the additional inclusion of electron-phonon scattering
strongly reduces the influence of the correlations, a thorough
investigation of ground-state correlations clearly improves
our physical understanding of the many-body effects in high
quality quantum well samples. Our approach is as follows:
�I� after summarizing the overall dynamics of a two-
dimensional electron gas in an ISB system, �II� we discuss
the origin and aspects of ground-state correlations, and �III�
finally show their impact on the ISB absorption spectrum.

�I� ISB dynamics. For our investigations, we consider an
n-doped GaAs /Al0.35Ga0.65As quantum well system where
only the kinetics of the two lowest conduction subbands are
of relevance.22 This is a good approximation since we are
focusing on low temperatures and subband gaps which are
typically quite large �kBT�9 meV�100 meV��gap�. To

approximate the more realistic finite potential of the quantum
well, we use an effective well width for an infinite potential
well.9 Nonparabolicity effects are included in the form of
different effective subband masses.23 A sketch of the consid-
ered quantum well in-plane band structure is given in Fig. 1.

The Hamiltonian of the investigated system consists of
the in-plane kinetics of the confined electrons �H0,el�, the
Coulomb interaction �HC�, and the semiclassical coupling to
an external light field �Hem�,

H0,el = �
i,k�i,si

�i,k�i
ai,k�i,si

† ai,k�i,si
, �1�

HC =
1

2 �
�ijlm�

V�ijlm�
�k�i−k�l�a�i�

† a�j�
† a�m�a�l�, �2�

Hem = �
i,j,k�i,si

��em�t�ai,k�i,si

† aj,k�i,si
. �3�

Here, ai,k�i,si

† �ai,k�i,si
� denotes the creation �annihilation� opera-

tor for an electron in subband i with an in-plane wave vector
k�i, spin si, and energy �i,k�i

=�i+ ��2k�i
2 /2mi� �cf. Fig. 1�. We

introduce the compound index �i�= �i ,k�i ,si� to simplify the
notation. Furthermore, V�ijlm�

�k�i−k�l�=Vijlm
�k�i−k�l��k�i+k� j,k

�
l+k�m

�si,sl
�sj,sm

de-
scribes the Coulomb-induced transitions of electrons in the
states �l ,m� to the states �i , j�, where Vijlm

�k�i−k�l� is the Coulomb
matrix element.9 The Rabi frequency �em�t�=d12·E�t� /�
�dipole moment d12� describes the interaction between the
external field E�t� and the electronic system. The absorption
coefficient ���� of the ISB system is calculated via the com-
plex susceptibility 	��� as ����
� Im�	����, 	���
= P��� /�0E��� with the macroscopic polarization P��� de-
termined by the microscopic ISB polarizations �ij,k�,s

= 	ai,k�,s
† aj,k�,s
�i� j� �cf. Eq. �4��.24

The calculations of the ISB dynamics for the polarizations
�ij,k�,s are carried out within a density-matrix approach using
a correlation expansion.25,26 Evaluating the system up to sec-
ond order, the dynamical equations for the polarizations and
the electronic populations f i,k�,s= 	ai,k�,s

† ai,k�,s
 as well as the
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second-order correlations 
�ijlm�
c = 	a�i�

† a�j�
† a�l�a�m�
− �	a�i�

† a�m�

	a�j�

† a�l�
− 	a�i�
† a�l�
	a�j�

† a�m�
� are coupled by the electron-
electron interaction. In the following, we will neglect the
spin index since the quantities of interest are spin indepen-
dent for our system.

Evaluating the dynamical equations for the electronic po-
larizations between the two lowest subbands �12,k� with the
Hamiltonian given above yields

d

dt
�12,k� =

i

�
	�H0,el + Hem + HC,a1,k�

† a2,k��


= −
i

�
�Ẽ2,k� − Ẽ1,k���12,k� − i�̃�t��f2,k� − f1,k�� − ���ij,k�, f i,k�� .

�4�

The energy Ẽi,k� combines the subband energy �i,k� and the
energetic renormalization due to the Coulomb exchange con-

tribution. The renormalized Rabi frequency �̃�t� contains the
Rabi frequency of the external light field �em�t� and a renor-
malization due to the Coulomb exciton and depolarization
contributions.8,9 These renormalizations result from a
Hartree-Fock approximation, which is first order in the Cou-
lomb potential.27,28 The second-order correlation contribu-
tion yields the dephasing functional ���ij,k� , f i,k�� caused by
Boltzmann scattering between the electrons and includes
both diagonal and nondiagonal Coulomb scattering contribu-
tions which lead to a broadening of the absorption
spectrum.29 Depending on the nonparabolicity of the band
structure, a strong cancellation between diagonal and nondi-
agonal terms can occur.8 For further details concerning the
Hartree-Fock and kinetic scattering contributions, see Ref. 9.

Additional higher order correlations are included via a
phenomenological damping � of the second-order correlation
functions,30 which softens the strict energy conservation in
���ij,k� , f i,k�� typically used in Markovian approaches. In par-
ticular, � enters ���ij,k� , f i,k�� and the correlation correction of
the ground-state distribution �fk� �discussed in the next sec-
tion� in a way that a strong cancellation of the influence of �
on the spectral broadening occurs.31 For the purpose of this

paper, it is thus justified to focus on a fixed value of ��
which is chosen as 5 meV here.

Due to Pauli blocking in the dephasing functionals
���ij,k� , f i,k��, the broadening of the spectrum becomes very
narrow for low temperatures due to the sharp Fermi edge.
This result, which is not in agreement with experimental
findings, leads us to the assumption that some fundamental
suppositions in the theory must be corrected. Here, we ad-
dress additional ground-state correlations neglected so far.

�II� Ground-state correlations. In most theoretical de-

scriptions of Ẽi,k�, �̃, and �, the electronic populations f i,k� in
equilibrium are taken to be Fermi distributions f i,k�

�0� of the
noninteracting electron gas.6,8,32 This yields good agreement
with the experiment in the high-temperature regime.8,9,33 At
low temperatures, the electron-electron ground-state correla-
tions are expected to play an important role for the following
reason: while for high temperatures the kinetic energy of the
electrons clearly dominates over the Coulomb repulsion, the
latter becomes more important for low temperatures where
the kinetic energy and the Coulomb repulsion may be of a
similar magnitude.

To extract the correlation of the ground state beyond the
usual second-order Born-Markov approximation, we con-
sider a deviation �f i,k� = f i,k� − f i,k�

�0� from the equilibrium Fermi

distribution f i,k�
�0� �cf. Refs. 20 and 21 for a treatment of

ground-state correlations in metals� and include first-order
memory effects. The evolution of �f i,k� is described by the
kinetics H0,el of the noninteracting electron gas as well as the
Coulomb coupling HC,

− i�
d

dt
�f i,k� = − i�

d

dt
f i,k� = 	�H0,el + HC,ai,k�

† ai,k��
 . �5�

We evolve Eq. �5� up to second order in the Coulomb cou-
pling similar to the derivation of the ISB polarization. Re-
stricting the correlation effects to a single subband �ground
state�, we neglect the subband index i in the following. In
this case, the first-order correlation contributions vanish and
in second order, we obtain linear differential equations for

�ijlm�

c with a time-dependent inhomogeneity Q�t�,

− i�
d

dt
�fk� = �

k��,q�

�
1
c�k�,q� ,k��� − 
2

c�k�,q� ,k����Ṽ�q� �, �6�

− i�
d

dt

1/2

c = ���� + i���
1/2
c � W̃�k�,q� ,k���Q�t� �7�

with the abbreviations W̃�k�,q� ,k���=2Ṽ�q� �− Ṽ�k��−q�−k�� and ��=�k�−q�

+�k�� +q� −�k�� −�k�, where Ṽ denotes the screened Coulomb ma-
trix element of the lower subband due to the modification of
the potential by the presence of the other electrons.34 Inte-
grating Eq. �7�, and assuming the memory of Q�t� to be
small, we can expand the inhomogeneity Q�t�� in a pertur-
bation series around the local time t, yielding the following
expression for 
1/2

c :

FIG. 1. �Color online� Sketch of the two energetically lowest
conduction subbands of an n-doped quantum well. The arrows sym-
bolize the different Coulomb many-body interactions among the
electrons. Optical excitation creates an electron �a2,k�,s

† � in band 2
and annihilates an electron �a1,k�,s� in band 1.

DANG et al. PHYSICAL REVIEW B 82, 045305 �2010�

045305-2




1/2
c = �

i

�
�

0

�

dse���i/����−��sW̃�k�,q� ,k����Q�t� + sQ̇�t�� . �8�

The zeroth-order term 
Q�t� yields the typical Boltzmann
scattering contributions which vanish for the Fermi distribu-
tion functions.35 The second term includes memory effects in
first order �containing the temporal derivative of the source�
and leads to


1/2
c = �

i

�
W̃�k�,q� ,k���Q̇�t�� 1


�
i

�
�� − ��2� , �9�

which is substituted in Eq. �6�.
In a first-order iteration, we take the electron occupations

occurring in the inhomogeneity Q�t� to be Fermi distribu-
tions. This leads to the final expression of the deviation �fk�,

�fk� = 2�
k��,q�

��2 − �2�2

���2 + �2�2�2 �Ṽ�k��−q�−k�� − 2Ṽ�q� ��Ṽ�q� �

� �fk�
0f

k��
0

f
k�� +q�

−
fk�−q�

− − f
k�� +q�

0
fk�−q�

0 fk��
− fk�

−� �10�

with the abbreviation fk�
−=1− fk�

0. Equation �10� illustrates the
interplay of electrons within one subband to renormalize the
equilibrium Fermi function: Two electrons with wave vectors
k�� +q� ,k� −q� are annihilated while two electrons with k� ,k�� are
created, respectively. Again, the phenomenological damping
� represents higher order correlations.30

Our result for the correlated ground-state distribution
function fk� is plotted in Fig. 2 for three different tempera-
tures: T=1 K �solid lines�, 50 K �dashed lines�, and 100 K
�dotted lines�. Comparing fk� �dark lines� with the equilibrium
Fermi distribution fk�

�0� �light lines�, we observe a slight de-
crease �increase� in the electron distribution for wave vectors
below �above� the Fermi edge, already known from electron
gases in metals.20,21 This is especially pronounced for T
=1 K, where one now finds available states below and a

finite population above the Fermi edge. Looking at the de-
viation from the Fermi function �fk� �plotted in the inset of
Fig. 2�, one can see the sharp edge around the Fermi energy
and a renormalization up to 3% at a temperature of T=1 K.
The observed features soften for higher temperatures but re-
main on the same order of magnitude.

Even though the total deviation from the ideal Fermi
function does not change strongly with temperature, we ex-
pect the influence of the correlations on scattering processes
to decrease for rising temperatures: �i� The relative impor-
tance of the allowed scattering processes decreases with an
increasing softening of the Fermi edge �see Fig. 2� and, at the
same time, �ii� the deviation from the ideal Fermi function
�fk� decreases close to the Fermi edge. The scattering pro-

cesses which go with the Coulomb coupling Ṽq�1 / �q� � are
responsible for the height of �fk�. Since for larger tempera-
tures the electron scattering is less common around the Fermi
edge, �fk� also decreases.

Even if the calculated �fk� is quantitatively quite small, it
opens up a new physical scenario for the low-temperature
regime: �fk� �0 leads to an occupation above and to available
states below the Fermi edge, in particular for temperatures
near 0 K, and allows scattering which is otherwise prohibited
due to Pauli blocking.

Besides the dependence on the temperature, the observed
correlation effects also depend on the quantum well width,
where a slightly stronger deviation is found for smaller well
widths �not shown�. This is due to the stronger Coulomb
coupling between the electrons for decreasing well widths.
The doping density also influences the magnitude of �fk�,
where an optimal value of the density leads to a maximal
deviation �cf. also the absorption spectra in Fig. 3�. The de-
crease in the deviation for smaller densities can be explained
by the short-range nature of the electronic correlations: for a
larger mean-free path �Wigner-Seitz radius� rs between the
electrons,36 the probability of a momentum transfer de-
creases. On the other hand, we expect a decreasing deviation
at a certain point for large densities since the kinetic energy,
which goes with 1 /rs

2, overweights the Coulomb interaction,
going with 1 /rs between the electrons.37

�III� Absorption spectra. Next, to discuss experimental
observables, the influence of the ground-state correlations on
the linear quantum well intersubband absorption spectrum is
studied. Figure 3 shows the spectrum calculated from the
dynamics of the polarization given by Eq. �4� for different

FIG. 2. �Color online� Electron distribution function of the elec-
tronic ground state including �dark lines� and neglecting �light
lines� Coulomb correlations for a 5 nm quantum well with an elec-
tronic doping density of ndop=6.0�1011 cm−2 and various tem-
peratures. Inset: corresponding deviation �fk� = fk� − fk�

�0� from the
Fermi functions.

FIG. 3. �Color online� ISB absorption spectrum of a 5 nm quan-
tum well at a temperature T=1 K and different doping densities
ndop �in per square centimeter� including �dark lines� and neglecting
�light lines� the electronic ground-state correlations.
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doping densities at a temperature of T=1 K. Here, the influ-
ence of the electronic ground-state correlations is clearly vis-
ible. We find a strong broadening of the absorption line shape
including ground-state correlations �dark lines� compared to
the spectrum neglecting the electronic correlations �light
lines�. The full width at half maximum in the former is up to
three times larger than in the latter case. In addition, the
calculation including the correlated ground state shows a
small energetic renormalization. This substantiates our prior
claim that even small ground-state correlations have a strong
influence at low temperatures: The absorption linewidth in-
creases due to the generation of available scattering states,
reflecting a partial cancellation of the strong Pauli blocking
by the electronic correlations. For the parameters used here,
the difference between the absorption spectrum including
and neglecting ground-state correlations is maximal for a
doping density of ndop=6.0�1011 cm−2. The shift to lower
energies for increasing densities is mainly due to the ener-
getic renormalization resulting from the Hartree-Fock
contributions,8,9 leading to a smaller effective band gap be-
tween the lower and upper subbands. Since we want to focus
on the impact of the ground-state correlations on the absorp-
tion spectrum, we will restrict the following investigations to
a 5 nm quantum well using a doping density of ndop=6.0
�1011 cm−2.

In Fig. 4, we show the absorption spectra for different
temperatures. Comparing the results including �dark lines�
and neglecting �light lines� ground-state correlations, we find
that for temperatures higher than 50 K, the correlation effects
are of no significant relevance as discussed earlier in the
temperature dependence of �fk� �cf. the inset of Fig. 4�. In-
stead, nonparabolicity effects gain importance, leading to an
asymmetric line shape especially for smaller well widths due
to the occupation of higher energetic states.9 For 50 K and
below, the absorption spectrum shows a significant broaden-
ing leading to a strongly reduced peak absorption. Further-
more, the calculation with the correlated ground state shows
a small energetic renormalization.

Although we find that the ground-state correlations lead to

a significant broadening of the spectrum at low temperatures,
the linewidth is still strongly underestimated compared to
experimental findings.11,18 In order to present a full and con-
sistent description of ISB absorption including all important
scattering processes which contribute to the absorption line
shape, electron-phonon interaction must also be taken into
account.8,9 This is assumed to be the major broadening
mechanism for temperatures higher than T=100 K.6 For low
temperatures, spontaneous phonon emission yields a
temperature-independent contribution to the linewidth. We
therefore extract temperature-dependent Markovian electron-
phonon scattering rates from earlier microscopic calculations
and include them as an additional dephasing contribution
�phon in the calculations.6 The resulting calculated ISB ab-
sorption spectra are found in Fig. 5. We find that the influ-
ence of the ground-state correlations is strongly masked by
the phonon-induced dephasing. Still, a deviation between the
absorption spectra neglecting ground-state correlations �light
solid line� and including ground-state correlations �dark solid
line� can be found for temperatures lower than 50 K, where
the spectra neglecting ground-state correlations show less
broadening than the ones including ground-state correlations.
For T=100 K, the difference is hardly visible.

In conclusion, we have presented a microscopic theory for
the description of ISB quantum well absorption including
electron-electron contributions and electronic ground-state
correlations. We showed that by including ground-state cor-
relations, the absorption linewidth for temperatures T
�50 K shows significant broadening, where the full width
at half maximum is increased by up to a factor 3 at T
=1 K. The additional inclusion of electron-phonon scatter-
ing masks the impact of the ground-state correlations on the
spectral width. In a next step, a more consistent treatment of
both the electron-phonon and electron-electron dephasing,
including full non-Markovian effects,14 should be carried out
to allow deeper insights into the influence of electronic
ground-state correlations.

We acknowledge financial support by the Deutsche
Forschungsgemeinschaft �DFG� through the Project No. KN
427/4-1 and the Alexander von Humboldt Foundation
through the Feodor-Lynen program.

FIG. 4. �Color online� ISB absorption spectrum of a 5 nm quan-
tum well with ndop=6.0�1011 cm−2 including �dark lines� and ne-
glecting �light lines� the electronic ground-state correlations for dif-
ferent temperatures. Inset: enlarged view of the absorption line
shapes.

FIG. 5. �Color online� ISB absorption spectrum of a 5 nm quan-
tum well including �dark lines� and neglecting �light lines� the elec-
tronic ground-state correlations, with microscopically calculated
Markovian electron-phonon scattering rates for a doping density
ndop=6.0�1011 cm−2 for different temperatures.
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